Introduction
This paper presents an approach to fractional integration which aims at introducing an algorithm for solving integrals of non-integer order. Fractional integration is a branch of fractional calculus that investigates integrals of arbitrary real and complex order with their applications. Since the emergence of the idea of arbitrary integrals they have been lack of physical and geometric interpretation of this operator which many authors have attempted to provide, for this reason much efforts have been devoted to overcoming this challenge [1] . Methods are being developed to provide tools for solving such problems, by using the Riemann-Liouville approach it is convenient to approximate the fractional integral using generalized and modified trapezoidal rule. In recent times, large number of scientific and engineering problems involves fractional calculus, the reason for this is that it provides more accurate models of systems under consideration, a praiseworthy attempt has been given by podlubny and others to develop interpretation of fractional integration and differentiation [1] - [4] . For instance, fractional calculus is applied to model the dynamics of interfaces between nanoparticles and substrates [5] , economics [6] , frequency dependent damping behavior of many viscoelastic materials [7] , signal processing [8] , continuum and statistical mechanics [9] , and oscillation [10] .
A B S T R A C T
This paper presents a numerical technique for solving fractional integrals of functions by employing the trapezoidal rule in conjunction with the finite difference scheme. The proposed scheme is only a simple modification of the trapezoidal rule, in which it is treated as an algorithm in a sequence of small intervals for finding accurate approximate solutions to the corresponding problems. This method was applied to solve fractional integral of arbitrary order α > 0 for various values of alpha. The fractional integrals are described in the Riemann-Liouville sense. Figurative comparisons and error analysis between the exact value, twopoint and three-point central difference formulae reveal that this modified method is active and convenient. ISSN: 2456-7108 Available online at Journals.aijr.in
A Numerical Calculation of Arbitrary Integrals of Functions
In recent years considerable interest in fractional differential equation has been stimulated by the applications that it finds in the field of science, including numerical analysis, engineering, economics, biology, oil industry, finance and others [11] - [20] . Real life modeling of phenomenon having dependence not solely at the time instant, however additionally the previous time history can be successfully achieved by fractional calculus. Mathematical formulations of mentioned phenomena contain equations with fractional order, most of these kinds of equations are difficult to solve [21] and in some cases do not have exact analytic solutions, so approximation and numerical techniques must be used. For practical purposes however, analytical solutions are often insufficient. The history [22] , challenges [23] , methods [24] - [32] and progress [33] made in the field of fractional calculus are evident in many publications. The technique considered here can be utilized to approximate arbitrary integrals. The method given here can be used to compute such an approximation. This paper deals with the rationality of Modified Trapezoidal rule in conjunction with the finite difference scheme for solving fractional integral. Given that the interval [a,b] is subdivided into M subintervals [ , +1 ] of width ℎ = ( − ) by using the equally spaced nodes = + ℎ for = 0,1, … , . The composite trapezoidal rule for M subintervals can be expressed in any of three equivalent ways:
or
).
This is an approximation to the integral of ( ) over [a, b], and we write
Error Analysis
If ( ) ∈ [ , ], then there is a value with < < so that the error term ( , ℎ) has the form
In cases where the derivatives of ( ) is known, the formula can be used to estimate the number of subintervals required to achieve a specified accuracy. where
Materials and Techniques
In this area, we give some important definitions and properties of fractional calculus theory [34] and [35] which will be utilized further in this paper.
Definitions 2.1:
The Riemann-Liouville fractional integral operator ( ) of order > 0 on the usual
Properties of the operator and details are given below: For , , > 0 and > −1, we have 
Theorem 1: [34] suppose that ∈ [0, ],̃ is the piecewise linear interpolation for with nodes chosen at the = ℎ with ℎ = , = 0,1,2, … , , then
for some constant depending on α.
The Trapezoidal Rule
A spontaneous approach of finding the area under the curve = ( ) over [a, b] is by approximating that area with a series of trapezoids that lie above the intervals {[ , +1 ]}. Here, we consider a generalized form of trapezoidal rule to approximate the fractional integral ( ) of order α > 0 by a weighted sum of function values at specified points.
Theorem 2: [35] Given that the interval [0, a] is subdivided into k subintervals [ j, j+1 ] of equal width ℎ = / by using the nodes j= ℎ, for j= 0, 1,…, k. The modified trapezoidal rule is given as:
this gives an approximation to fractional integral ( ( ))( ) = ( , ℎ, ) − ( , ℎ, ), > 0, > 0.
Proof: From definition (7) we have
If is the piecewise linear interpolant for whose nodes are chosen at the nodes , = 0, 1, 2, . . . , , then, we have
from (19) and (20) we get Theorem 2, where ′ = ( ) ⁄ .
If α =1 the modified trapezoidal rule reduces to the classical trapezoidal rule (3). This method behaves in a way that is comparable to the classical trapezoidal rule. It is well established that, for small ℎ, using the central-difference formulas [36] , [37] and [38] we can approximate the integral. The two-point and threepoint central difference formula for ( ) are given as: 
This can also be extended to give
where is any real number.
3 Theory/calculation Example 1.: Approximate the fractional integral of the function ( ) = , given that is = 3 4 Tables 1 gives the approximated values for the fractional integral ( ( ))(1) when is = 3 4 using the modified trapezoidal rule (16) . With the exact solution which is the true value of the fractional integral given as (10) .
Example 2.:
Solve the function ( ) = , when is = 1. Tables 3.: gives the approximated values for the fractional integral ( ( ))(1) when is = 1.25 using the modified trapezoidal rule (16) . With the exact solution which is the true value of the fractional integral given as (10) .
Results and Discussion
In example one, we solved the function ( ) = when is = 3 4 and then used the modified trapezoidal rule in conjunction with the two-step and three-step central difference formula to approximate the fractional integral when is = 3 4 . Table 1 shows the numerical values and errors when compared with the exact solution and figure 1 gives the exact and approximate solutions of example 1 for table 1 at alpha = 3 4 and how it converges to the exact solution as the step size decreases while figure 2 shows the absolute error function of example 1 for Table 1 at alpha = . Similarly, the second and third example evaluates the integral function ( ) = at = 1.0 and 1.25 respectively. 
Conclusion
We have successfully applied the modified trapezoidal rule to approximate fractional integrals of functions, in each case we try to solve problems for which the analytic solution is available. This approach gives us the ability of measuring the accuracy of our method. The results obtained using the scheme presented here, are in full agreement with other methods and solvers and the analytical solutions confirm the efficiency and effectiveness of the method. Where no other method is possible the modified trapezoidal rule is used for definite integrals, it also applies to approximating differential equations even a more general system of differential and algebraic equations and medical science [39] . It was observed however, that the accuracy of the method strictly depends on the step size(ℎ).
